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Optical ParamjEguger@scillator
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Twin photons + phase correlation

- Sub-threshold
squeezed vacuum (degenerate case) - OPA
entangled fields (non-degenerate case)

- Above threshold: intense entangled fields



Optical Parametric sc]Ha‘tor‘ - Classical

Let us describe classical properties of the system before we
analyze quantum properties. We'll consider a Triply Resonant
OPO (TR-OPO) in a ring cavity (for simplicity).

Debuisschert ef al. J. Opt. Soc. Am. B/Vol. 10, 1668 1993
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If we consider that the single pass gain is ag () = ap(0) — 2x a1 (0) a2 (0)
small, we can approximate the equations for . (£) = a1(0) + 2xao(0)as (0)
the amplification inside the crystal .
az(?) = az(0) + 2xag(0)as (0)



Optical Parametric:@SEEMEIN@RPO) - Classical
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Consistency of the field for a round trip gives us
¢ i in
ag = 710 (ap — 2yagar) — poag + toag'
14 F * =
a; = rie’7 (ag + 2xyapas) — paq ©; = 2piT + 0p;
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Optical Parametric:@SSNEMEIN@PO) - Classical

If 5¢;is small, we can write:

ag(yg — i0pg) = —2xaras + 270" where the total loss for
ar (7 —idp1) = 2yapad | each mode is defined

!
as(vy —i0pa) = 2yapal , Vi = Vit

Normalizing the detuning, we A= 5%/7;
have

in

le[]"‘fa(l — E&D) = —2yaiag + 2"}’[](]50

a1y, (1 —iAy) = 2yagad ,

aoVe(l —iAg) = 2yaga] .




Optical Parametric:@SEHBEMGIN@PO) - Classical

A first solution of these equations 1s o, = o, = 0,

corresponding to operation below threshold. We are more
interested 1n above-threshold operation. Multiplying the
complex conjugate of the third equation by the second, we

have: ~145(1 — A1) (1 +4i02) = 4x[*|ao|* 2 A=Ay =A

The intracavity pump power 1s easily obtained and we see 1t
1s “clipped”: above-threshold it 1s always the same

ol = M0+ A?)
4| x|?

Besides, for A; = A, = A, we also have Vil )? = yhlasl?

The classical equations are already signaling that the intensities

of signal and 1dler beams should be strongly correlated and that
the pump must be depleted.



Optical Parametric:@SEHBEMGIN@FPO) - Classical
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Optical Parametric sc]Ha‘tor‘ - Classical
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Optical Parametric:@SEHBEMGIN@FPO) - Classical
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Optical Parametric sc]Ha‘tor‘ - Classical

From the first equation we can derive the threshold power,
given the intracavity pump field (o, = a, = 0)

i 2, — Yo i1+ A%) (1 + Af)
8|x[*70

An 1mportant parameter will be the ratio of incident power to
threshold power on resonance:

- |a%n‘2 _Pin

g f— _ e
in |2
‘G{U res Pﬂh

Substituting o, 1n the first equation, we have

4|x[*ao| o |2
V(1 —i4)

in

gﬁlr"ﬂ (kg

aYo(l —ilo) = —




Optical Parametric:@SEHBEMGIN@FPO) - Classical
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. '}’172(1 + A ) 9 ’YU 71'}(2(1 -+ &2)(1 + &%)
Since |ao|” = and o
4x|? o i, = 8] |20
If !’! If
am A:/;\. — 0 2 071 /2
4x2len ]2\’
We get a(lﬁﬁw 5 ) + (A + Ap)?
Y2%0
rF_ ! r_ 1
, o YiYeY
Solving for o |aj]* = g‘ﬁ% (Vo -1)> o] = _5‘;‘20 (Vo —1)

ao? = 2L+ A7)
4]x[?




Optical Parametric sc]Ha‘tor‘ - Classical

This gives the photon flux. Considering, for the sake of the
argument, the frequency-degenerate case (0,=®0,=0y/2), we
can obtain the total output power and the efficiency

I 1
Poyr = hwy f;rxfrg (\/E - 1)] = dNmaz (V‘ PPy, — Pﬁh)

Where 1., 1S the maximum efficiency leading to

Y Y0 _
Nlmax = —3 7 — £&o & = r}(j//}‘;'
7 Yo

We will see that the parameter £ determines the maximum
squeezing in the above-threshold OPO.



Optical Parametric @SEIIENGING@RO) - Quantum

Rest of the Universe




Optical Parametric OsclllZieIg@E@)= Viaster Equation

Evolution of the density operator ¢/ ?

_,f}:ar —
h

dt H. pur]

H=H,+H, +V

System + Reservoir + Interaction

Hy =3 hoblb; v =13 (gsalh; + gjbay)
7 :

J

Evolution of an operator acting only on the system:

(O)) = tri{Otr po (1)} = triOps(t))

Master Equation: Evolution of pg



per [ESHel the OPO

Hamiltonian and the master equation:

d 5
EJ__E |iHJ{‘—|‘H +HPTJ’:I ]+(A[}+A1+A2)ﬂ

.F

|I"
o 5 o~ o 5 - = r}/ﬂ B #
Hf = —h&n—f}ﬂﬂg — h.ﬁl—ﬂTUI — ﬁﬁz—ﬂgﬂz Hﬁmﬁ = h—=¢ (er.} — fl.[])
T T

T

. 2 :
H; = ih=% (a]afao — arazal) Nip= 1 (20,081 — ata,
T w

OK, simpler now?

We can improve this if we change from the density matrix into an equivalent

representation: it will replace (ordering sensitive) operators by c-numbers.

But the nonclassicallity makes P representation a tricky choice...



Quasi-ProbabiiiyazEpiESentations

- 2
P- Glauber - Sudarshan P = IP(“)|°C><Of|d x

Wigner W (a) = —; / T x(md*n x(n) = Trlpe" 9

_ 1 _ i -
Wi(z,p) = ;,—L/dz;r(ﬁylplm—y>BXP(—2lyp/h)

Wolfgang P. Schleich

Quantum Optics ) o N
in Phase Spl;ce <{a (aT)S}sym) = [ d*a o’ (a*)’'W(a,a").

Gaally

C.W. Gardiner P. Zoller

Quantum Noise

A Handbook

of Markovian and Non-Markovian
Quantum Stochastic Methods

with Applications to Quantum Optics
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Quantum PrOpBRIPEIDS the OPO

The operators (a',a) are replaced by amplitudes (o, «)

and the density operator is replaced by W («)

" % ¥
o = (G{U? Qp, ], Gy, X2, 0{2)

Using the rules
. 1 o e . 10O
aps < ((’ZY + 53&*) W anS < ((’}' - 55—(}) |44
1 o 1 0
. 1 we £, 29
PsQ <> (f:v 23&*) W psa' = ((}' + 23&) %%



Quantum PrOpBRIPEIDS the OPO

We obtain
3
W =27 1 (i~ ) + (g + ) | W @
+2;( (maz E)‘;zuﬁ + afag;m) Wia)— 2;( (Goﬂ*aig + apon di;) W ()
-2 (ava g+ afos s ) W (@) = 2 (24 ) )
3 12 93
+j§ ? aafaa; W(e) -3, 8(]{5(;;’{8@; W ie)

Fokker-Planck equation

) - o 1 .
W (@) = —ga—%AJW(a) +5. e, Do BB ]jkW(a)




Quantum PrOpBRIPEIDS the OPO

Which is equivalent to a set of Langevin equations
(Do you remember the Brownian Motion ?)

éaj = A; + [Bo(t)]; (oi(t)o;(t') = dijo(t — ')

The mean values in steady state are the same as in the classical
treatment.

(A(X,t)) = A((X),t) =0

Since we will (typically) deal with intense fields, we proceed by
linearizing the fluctuations, neglecting products of fluctuating terms:

X = X — (X) aj(t) = a; + daj(t)

Qj = Pj T 1G5



Quantum PrOpBRIPEIDS the OPO

d / 2 V27
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Quantum PrOpBRIPEIDS the OPO

Defining

s B ) ePi o
aj =p;je¥ with p1=p2=p 00;(t) = ——[op;(t) +i0q;(1)]

2
We get



Quantum PrOpBRIPEIDS the OPO
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d
T— 0p_

- —29" 0p_ 4+ /2pdv,_
dt
d

T—0q. = vV 21L 04 _

dt

The subspace related to the subtraction of the fields decouples from
the sum and the pump fluctuations. However, g. does not have any
decay term, thus the solutions are not strictly stable. As a matter of
fact, there is phase diffusion and the subtraction of the phases is
unbounded. Nevertheless, this is a slow process and we will be
interested in measuring phases with respect to the phase of the
mean field (in other words, we will follow “adiabatically” the diffusion).

Instead of solving these equations in the time domain, we look in the
frequency domain.



Usual treatment of the OPO: Master Equation

dp 1 [~ ~ ¥
- __|H H} T MosaaT — A48T 4 - =T
O r [ o+, p| + 5 [Zapﬂ, aa'p — paa ]
Quasi-probability representation
dP(X t) 1 J o , .
— ——D;i(X.t)| P(X,t
zd:ri_ ' 2 — Jz; O, (X, 2) (X.1)

D(X,t) = B(X,t)BT(X,t)

Langevin Equation

— = AX,t) +B(X, ) X" (¢)



Usual treatment of the OPO: Langevin Equation

Linearization ~
do X (t)

- = ASX(t) +BX™(t)

Input — Output Formalism XU (1) = BSX (t) — IX"(¢)

Frequency Domain -

X(Q) = \/% /_ B 6X (t)exp(—iQt)dt
X(Q) = [~ (A +iQD)~'B] X™(Q) Xou(Q2) = — [B(A +iQ0) "B+ 1] X (Q)

X(Q) = -M;(Q)X™"(Q) X)) = —Mp(2)X™(Q).

M; () = (A +iQI)~'B Mo(R2) =1+ [B(A +iQI) 'B]



Covariance Matrix X Spectral Matrix

V(t,t +71) = V(1) = (X (@)X (t + 7)) S(Q) = (XU (@)X (-)]")

1 o0
V() = ﬁ/_ IS{ﬂjexp(iﬂTjdﬂ

Complete description of the state: Wigner function (for a Gaussian State)

. 1 1 - ~
W(X) = xp | ——XTv 11X
X) = g, E"{P( SR )
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Covariance Matrix

[ Sp1 0 Crpz 0 Cphip O
Cplpg 0 SPQ 0 OPQP(] 0
V —
CplpO 0 Opgpo 0 SpO 0
i 0 OqlqO 0 Ong(] 0 Sqo )
CTLIT'ZZ;ITJ = é <{xi; £Lj }> — <213-3> <ilfj> S:f:j — C?;I?j&:j

18 independent terms !



Noise correlations

Signal




Energy Conservation

1 T 0, = o
ol -ol,=0 0P, + 0P, = 00,
Intensity Correlation Phase Anti-correlation
A. Heidmann et al., PRL. 59, 2555 (1987) A. S. Villar et al., PRL 95, 243603 (2005)
Signal - Idler Signal + Idler
N




EPR's example

ly) = o(X; — X, —L)o(p; +P,) (localized in X; —X, ¢ p; + P,)

We see therefore that, as a consequence of two
different measurements performed upon the first
system, the second system may be left in states
with two different wave functions. On the other
hand, since at the time of measurement the two
systems no longer interact, no real change can
take place in the second system in consequence
of anything that may be done to the first system.

A measurement of X, yields X,, as well as a measurement of p,
gives p,. But x, and p, don’t commute! < [x,p]=1h



Bohr's reply

CCTOBER 15, 1935 PHYSICAL REVIEW VOLUME 48

Can Quantum-Mechanical Description of Physical Reality be Considered Complete?

N. Bouw, Imstitule for Theoretical Physics, University, Copenhagen
(Received July 13, 1933)

Lo ]=[q2p2 =102,
Lawge 1= (P12 ]= Eguf’ﬂ:l =[gsp1]=0,

g1=0; cos 8—Q, sin 8 p1r=P,cos@—P;,sin 6
gz=( sin 8+ (Q: cos 8 po=P, sin 8+ P, cos 6.

= 0+¢. sin 6,
[Q:P\]=4h/2x,  [Q:P2]=0, Q1=¢1 cos 0+¢: sin
.‘ Py= —p; sin 0+ ps cos 6,



