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EPR and Entanglement
Anybody who is not shocked by quantum theory has not understood it.

Niels Bohr 



Einstein, Podolsky & Rosen’s paper



EPR’s example

|ψ〉 ≅ δ(x1 – x2 – L)δ(p1 + p2) (localized in x1 – x2 e p1 + p2)

A measurement of x1 yields x2, as well as a measurement of p1
gives p2. But x2 and p2 don’t commute!  ↔ [x, p] = i ħ



EPR’s conclusion

If (1) is false, then (2) is also false!  Hence, (1) should be true: 
quantum theory, although it allows for correct predictions, must be
incomplete.  Measurements should just reveal pre-existing states, 
which are not described by this incomplete theory.



Bohr’s reply



• “EPR” criterion [M. D. Reid, PRA 40, 913 (1989), M. D. Reid 
and P. D. Drummond, PRL 60, 2731 (1988) & PRA 40, 4493 
(1989)]

Few words about 
entanglement characterization



•DGCZ separability
criterion: 

Separability ⇒

Entanglement Test - DGCZ

•After some (simple) algebra: 



Entanglement Test - DGCZ



Entanglement Test - DGCZ
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Entanglement Generation
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non-negative eigenvalues -> Separability

• Positivity under Partial Transposition 
(discrete variables)

PRL 77, 1413 (1996)

Entanglement Test – Peres & Horodecki



• Continuous variables:
PRL 84, 2726 (2000)

Entanglement Test - Simon

Diagonalize:

Simplectic Eigenvalues >1



Entanglement Test - Simon



Entanglement Test - Simon



Entanglement Test - Simon
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• Extend DGCZ criterion to three variables

• Apply PPT to multiple partitions

Tripartite Entanglement



PDC + Cavity

Twin photons + phase correlation
- Sub-threshold

squeezed vacuum (degenerate case) - OPA
entangled fields (non-degenerate case)

-Above threshold: Intense entangled fields
Squeezing of the pump
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OPO and Entanglement



Usual treatment of the OPO: Master Equation

Quasi-probability representation

Langevin Equation



Usual treatment of the OPO: Langevin Equation

Linearization

Input – Output Formalism

Frequency Domain



Covariance Matrix X Spectral Matrix

Complete description of the state: Wigner function (for a Gaussian State)

Where is the complete information about the OPO state?

S  or V ?



Covariance Matrix

36 independent terms !



Covariance Matrix

18 independent terms !
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ω1 + ω2 = ω0

δϕ1 + δϕ2 = δϕ0

Energy Conservation

δI1 - δI2 = 0
Intensity Correlation

A. Heidmann et al., PRL. 59, 2555 (1987) A. S. Villar et al., PRL 95, 243603 (2005)
Phase Anti‐correlation
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Is it possible to perform a homodyne
measurement without a local oscillator?

But if we look for a complete characterization 
of the OPO, we have to measure three fields 
of diferent colors!
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Spectrum Analyser
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Measurement of the Field in the frequency domainMeasurement of the Field in the frequency domain



Amplitude

A classic field
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Modulation

Phase



Phase Rotation of Noise EllipsePhase Rotation of Noise Ellipse
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Covariance Matrix



Entangled fields
- Vacuum (P0 < Pth, maximum entanglement)
- Intense beams (P0 > Pth)

Squeezed vacuum (P0 < Pth, degenerate)Twin beams (P0 > Pth)

Pump Squeezing (P0 > Pth)





























–

How can we measure the phase?
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Braz. J. 
Phys. 31, 

597 (2001)







Set up



Noise!!!








