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Stabilizing an attractive Bose-Einstein condensate by driving a surface collective mode
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Bose-Einstein condensates with attractive interatomic interactions undergo collective collapse beyond a
critical number. We show theoretically that if the low-lying collective modes of the condensate are excited, the
radial breathing mode further destabilizes the condensate. Remarkably, excitation of the quadrupolar surface
mode causes the condensate to become more stable, imparting quasiangular momentum to it. A significantly
larger number of atoms may then occupy the condensate. Efforts are under way for the experimental realization
of these effects.
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Bose-Einstein condensation in cold and dilute atom
gases@1# provides a domain for studying nonlinear quantu
systems@2#. The condensates with attractive interatomic
teractions are particularly remarkable. These were initia
argued to be impossible@3#, but it is now established that a
long as the number of condensate atomsN0 is less than a
maximum Ns @4#, an attractive condensate may exist in
metastable ground state. As such, the nonlinear interato
interactions not only alter the properties of such condens
from those of an ideal gas but also entirely govern its fa
This is best understood in the mean-field view, where
relevant elements are the zero-point kinetic energy of
atoms, the confining harmonic trap potentialV(rW) and the
interatomic interactions scaling asaN0ucu2, wherea is the
s-wave scattering length for the gas. The condensate is
described by the product wave functionf5AN0c where the
Gross-Pitaevskii~GP! equation@2#
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~1!

governs the single-particle wave functionc of the weakly
interacting Bose condensate at zero temperature. A con
sate wave function exists as long as the outward pressu
the kinetic energy term balances the squeezing tendenc
the other two terms, so thatN0 must be less than a maximum
Ns @4#. Beyond this number, the wave function ‘‘collapses
tending to the singular limit of a point object. In physic
condensates, this is halted by dissipation: The collapse
idly increases the density of the condensate and as a r
the rates for inelastic processes, including two-body dipo
collisions and three-body recombination, are sharply
hanced. The atoms participating in these processes ac
large kinetic energies and are ejected from the condens
This depletion ofN0 ~the ‘‘burning off’’ of atoms! decreases
the nonlinearity thus slowing and finally halting the collaps
The initial collapse can be triggered by thermal and qua
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fluctuations and may also involve macroscopic quantum t
neling. Until recently, this process was obtained only in t
Rice 7Li experiments@5,6#. Theoretical descriptions are thu
far incomplete@7,8#.

After these pioneering observations, attention has n
turned to the control of this unusual quantum phenomen
A new experiment at JILA@9# has since been able to ma
nipulate the collapse in a85Rb condensate by changing th
scattering length of the atoms using a Feschbach reson
in a strong magnetic field. These experiments start wit
nearly pure condensate in approximate equilibrium~zero fill-
rate! with a large condensate numberN0 and a positive scat-
tering length. The magnetic field is then changed so that
scattering length becomes negative. SinceN0@Ns, the con-
densate is out of equilibrium and goes through non-triv
dynamics, burning off a significant fraction of the condens
in the process. The scattering length is then made pos
again so that the condensate can be imaged and analyz

These experiments, which are not yet completely und
stood, indicate a connection between the dynamics and
netics of attractive Bose condensates. In this paper,
clarify this connection and show theoretically that the c
lapse kinetics are strongly affected by a weak perturbation
the harmonic potential within which the condensate
trapped. We have considered general potentialsV(rW)
5 1

2 m( i 51
3 v i

2xi
2 where rW[(x1 ,x2 ,x3)[(x,y,z) and the pa-

rametersv i characterize the trapping potential along t
three axes. For the case presented in detail below,v i

2

5v0
2@11a i cos(vt)# wherev is the frequency of the force

and thea i are its amplitudes. This corresponds to a sphe
cally symmetric trap driven asymmetrically by a weak, sin
soidally time-dependent field. We have been able to ob
results from an exact numerical simulation of the nonline
Schrödinger equation in cylindrical coordinates. The be
physical insight into the results are obtained from a Gauss
time-dependent variational principle approximation@7#
~GVA! analysis of the GP equation, however, and we sh
emphasize this in the following. The Gaussian ansatz is m
tivated by the shape of the ground state for noninterac
particles in a harmonic trap and constrains the conden
wavefunction to be of the formc(rW,t)5cxcycz wherec i

5@2pai(t)#21/4exp$2xi
2@1/4ai(t)1 ibi(t)#%. This ansatz

when used in Eq.~1! yields that the condensate dynami
te
©2001 The American Physical Society04-1
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correspond@10# to a classical effective Hamiltonian. Wit
the transformation @11# ai(t)5r i

2(t) and bi(t)
5P i(t)/2r i(t) this Hamiltonian has the transparent form

Hvar5(
i

F P i
2

2m
1

\2

8mr i
2

1
mv i

2r i
2

2 G1
\2aN0

4Ap

1

r1r2r3
.

~2!

The parametersr i and P i are given bŷ x̂i
2&5r i

2 and ^x̂i p̂i

1 p̂i x̂i&52r iP i . Note that̂ x̂i&505^ p̂i& for this wave func-
tion. The centroid of the condensate thus sits at the
minimum and all the dynamics is restricted to changes in
condensate widthr i in the three directions. That is, the dy
namics of a quasiparticle with canonically conjugate posit
and momentum variablesr i and P i characterizes the con
densate. A further scaling by the length of the trapl 0

5A\/(mv0), the time scalev0
21, and energy\v0 yields

the dimensionless Hamiltonian

Hvar5
1

4 (
i

FP i
2

2
1

1

r i
2

1„11a i cos~vt !…r i
2G2

3b

4r1r2r3
,

~3!

whereb5@4/(3A2p)#(N0uau/l 0). The kinetics of the con-
densate, including the fill rate and dissipative losses, af
the dynamics through the time dependence ofN0. We set the
fill rate G0 to a constant@12#, which is a good approximation
to the results from the Boltzmann equation@7# over the time
scales considered. Further, dipolar relaxation scales asf2,
while molecular recombination is a three-body process s
ing asf3. In particular, with the Gaussian approximation f
the wave function, we can write

Ṅ05G02
N0

2

p3/2r1r2r3
S G2

2A2
1

N0G3

6A3p3/2r1r2r3
D , ~4!

whereG1 andG2 are the appropriate rate constants@13#. The
Hamiltonian equation~3! and the kinetics equation~4! define
the condensate dynamics completely.

Consider the fixed points of the Hamiltonian given
]Hvar /]P i505]Hvar /]r i , which yieldP i50 and a non-
zero r i corresponding to the width of a metastable cond
sate. This solutionrb[urW bu is strongly affected by the at
tractive hole at the origin (rW 50 or infinite condensate
density! due to the termb/(r1r2r3) in the Hamiltonian. The
condensate is only stable when the quasiparticle avoids
attractive hole. AsN0 and correspondinglyb increase, the
metastable minimum moves closer to the origin, becom
shallower until it becomes an inflection point, and fina
vanishes. Correspondingly, the widthrb decreases abruptl
when the minimum vanishes, leading to a collapse via
kinetics. The critical valuesrm andbm for collapse are de-
termined by further imposing the inflection conditio
d2Hvar /dr i

250. This gives rm5521/4 and bm5 8
3 525/4,

corresponding toNs'1400 atoms for the conditions of th
Rice experiment@5#.
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The normal modes of the quasiparticle dynamics arou
this minimum are the lowest-lying even collective excit
tions of the condensate@10,14,15#. These normal mode fre
quencies are obtained by computing the matricesV,T with
elements Vi j 5]2Hvar /]r i]r j ,Ti j 5]2Hvar /]P i]P j and
then solving for the rootsV i of the equation det(V2V2T )
50. One solution isV15A52rb

24, which is the frequency
for radial vibration of the quasiparticle or the condensat
‘‘breathing’’ mode. The other two solutions are the degen
ate solutionsV2,35A212rb

24, where the vibrational motion
is perpendicular to the radial direction. This can be visu
ized as being along the surface of a sphere of fixed radiu
these are the condensate’s quadrupolar surface m
@10,14,15#. Sincerb decreases as a function ofN0 , V1 de-
creases andV2,3 increases with increasingN0. Also note that
V1,2,35V052 for rb51, i.e. for b50 ~noninteracting
limit ! in these natural units.

We now turn to the numerical solution of this system
equations. As expected, these lowest-lying even collec
modes of the condensate are excited by the driving. Driv
the lowest such mode, a radial breathing mode, further
stabilizes the condensate and decreases the maximum
ber of atoms below the static maximumNs. Remarkably,
driving the next-highest excitations, which are quadrupo
surface modes, causes the condensate to become more s
That is, for certain frequencies, atoms occupy the conden
in numbers significantly greater thanNs and the condensat
is sustained for correspondingly longer times. We have st
ied in particular the frequency-dependent value of the ma
mum number of atomsNv that can be sustained in the pre
ence of the driving. We find that this frequency response
broad and qualitatively robust, with similar features for
wide range of tested parameters and many alternative
figurations for both the confining and perturbing fields. A
example of these responses is shown in Fig. 1, along wi

FIG. 1. Stabilization of an attractive condensate by weak driv
as measured by the change in the maximum number of atoms
ticipating in the condensate as a function of the driving frequen
The ratioNm between the frequency-dependent maximum num
of atomsNv and the maximum valueNs for the static condensate i
shown. The figure is truncated atNm'4.8 due to the excessive (t
.100 s) amount of time taken to reach this value. An estima
valueNang for Nm obtained from an angular momentum analysis
also shown. See text for details.
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theoretical estimateNang as explained below. In obtaining i
we usea350.02522a1522a2 , which represents the ef
fect of a Helmholtz field oriented along the axis of an Ioff
Pritchard magnetic trap. The response is shown as the
Nm5Nv /Ns. The broad stabilization effect is clear in th
figure; further, it can be seen that the curve has some in
esting structure, including in particular a signature dip cor
sponding to a parametric resonance between the radial
quadrupolar modes as explained below. The stabilization
fect is so strong that in some cases it is no longer obvi
whether and when a collapse occurs. It is possible forN0 to
grow so large that the loss rate equals the fill rate, even
relatively larger. The values in Fig. 1 are therefore calc
lated using a ‘‘worst case’’ definition of the collapse, as t
N0 value at which the inelastic decay terms in Eq.~4! exceed
the growth rateG0. Although it is unclear whether the phys
ics of the true dynamical situation in these cases is fu
captured by the simple kinetics of Eq.~4!, the stabilization is
nonetheless remarkable.

To understand the detailed structure of Fig. 1, consi
the case of driving the condensate withv,V0. Note that the
dynamics of the quasiparticle are always restricted to
r15r2 plane by our choice of driving. At an arbitrary valu
of v, the driving is not initially resonant with either of th
excitations and there is a negligible response from the c
densate. AsN0 increases with time, however,V1(b) will
ultimately equal anyv,V0. The breathing mode is excite
as a result and the quasiparticle oscillates along the ra
direction. As this oscillation increases in amplitude, the q
siparticle is driven into the attractive hole and the condens
collapses. The net effect is to decreaseNm(v), with the im-
pact being greatest forv slightly less thanV0. The more
interesting case is forv.V0 where again, the driving is no
initially resonant. AsN0 increases, however, the quadrupo
surface modes come into resonance. The quasiparticle
oscillates with increasingly greater amplitude in a direct
perpendicular to the radial direction, still in ther15r2

plane. An angular momentum vectorlW q̂(t)5rW 3PW pointing
in the q̂ direction can be associated with this motion, whe
q̂[(1/A2)(1,21,0) is the normal to ther15r2 plane. This
angular momentum vector reverses orientation@16# during
the oscillation, with its magnitude going to zero at the tu
ing points of the oscillation. However, the mean-squ
value of this angular momentum increases as the sur
mode acquires increasing energy. By virtue of the energ
this oscillation, the quasiparticle avoids the chasm of
attractive ‘hole’, and the condensate is stabilized, avoid
collapse even when the attractive interactions are signific
The above implies that the stabilizing effect may be qua
tatively estimated by adding to the kinetic energy press
terms an angular momentum terml̄ 2/(2mr2) where l̄ 2 is the
time average ofl q̂

2(t). This yields an estimated increase

the maximum number of atoms asNang[Nm( l̄ Þ0)/Nm( l
50)5(114 l̄ 2/3)5/4; this estimate is plotted in Fig. 1 withl 2

computed directly from the dynamics. It is clear from com
paring the curves that this simple angular momentum ar
ment captures the essential features of the stabilization
03360
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particular, the region of discrepancy is precisely where
naive kinetics and collapse criterion render suspect the v
of Nv shown, as argued above.

This resonant driving is easier to sustain for frequenc
close toV0 sinceV2,3 has a weaker dependence onN0 in
that regime. AsN0 increases, the condensate ultimately fa
out of resonance with the driving. Consider for example
condensate radiusr(t)5urW (t)u: It is initially unaffected by
the driving and decreases slowly as in the static case; th
followed by a resonantly driven increase that ultimately sa
rates. An example of this mechanism is shown in Fig. 2~a!
for v52.3 ~corresponding to a driving frequency o
'308 Hz for the Rice experiment!. In Fig. 2~b! we show a
numerical solution for the GP equation corresponding to
situation in Fig. 2~a!; the two curves agree qualitatively. W
note here that the numerical solution to the nonlinear Sch¨-
dinger equation in the GP form for cylindrical symmetry
extremely difficult and a full scan of frequencies is comp
tationally prohibitive. However, simulations including fillin
and inelastic decay similar to those in the literature@8# have
been performed to qualtitatively validate the GVA results

As v increases, the resonance occurs at increasingly l
times and for decreasing windows of time, and hence
greatest stabilization happens forv slightly greater thanV0.
There is no such stabilization forv.v25A1253.46; this
critical frequency is obtained by substituting the maximu
value for the equilibriumrm in the expression forV2,3—i.e.,

FIG. 2. ~a! Time dependence of the radially averaged width
the condensater(t). There are rapid oscillations, as expected,
the time scale of the driving (308 Hz) that cannot be easily
solved on the scale of this figure.~b! As in ~a! except as computed
with a numerical solution of the GP equation with added dissi
tion. See text for details.
4-3
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the driving cannot resonate with the condensate modes i
metastable minimum does not exist in the first place. T
cutoff can be seen clearly in Fig. 1. Finally, we point out t
significant dip in the curves atv5v15A8. This frequency
corresponds to the situation whereV2,3(b)52V1(b), i.e.,
for rb

2453. In this case, the driving and the surface mod
parametrically excite the radial mode through the 1:2 re
nance between the frequencies. Thus, the condensate i
stabilized even for a frequency greater thanV0. Similar
resonances account for the other detailed structure in the
quency response curves. All these features should be cle
visible experimentally, since the experimental resolution
of the order of 50 condensate atoms@5#, and the predicted
features exceed this resolution significantly. Moreover,
details of the curves are sensitive to the precise models
parameters used. Comparison of experimental results
ev

v.

t,

ur

tt
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theory will therefore help improve our understanding of t
rich interplay between kinetics and nonlinear dynamics
the attractive condensate. In particular, this provides a wa
study the so far inaccessible collective modes of attrac
condensates. This will open the way to further experime
and analyses and ultimately to a deeper understanding of
nonlinear many-body quantum regime. Efforts are under w
for the experimental realization of these phenomena.
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