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Stabilizing an attractive Bose-Einstein condensate by driving a surface collective mode
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Bose-Einstein condensates with attractive interatomic interactions undergo collective collapse beyond a
critical number. We show theoretically that if the low-lying collective modes of the condensate are excited, the
radial breathing mode further destabilizes the condensate. Remarkably, excitation of the quadrupolar surface
mode causes the condensate to become more stable, imparting quasiangular momentum to it. A significantly
larger number of atoms may then occupy the condensate. Efforts are under way for the experimental realization
of these effects.
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Bose-Einstein condensation in cold and dilute atomicfluctuations and may also involve macroscopic quantum tun-
gaseqd1] provides a domain for studying nonlinear quantumneling. Until recently, this process was obtained only in the
systemg2]. The condensates with attractive interatomic in-Rice ’Li experimentg5,6]. Theoretical descriptions are thus
teractions are particularly remarkable. These were initiallyfar incomplete7,8].
argued to be impossib(@], but it is now established that as  After these pioneering observations, attention has now
long as the number of condensate ataNisis less than a tyrned to the control of this unusual quantum phenomenon.
maximum N [4], an attractive condensate may exist in aA new experiment at JILA9] has since been able to ma-
metastable ground state. As SUCh, the nonlinear interatom.ﬁ:'pl_”ate the Co||apse in §5Rb Condensate by Changing the
interactions not only alter the properties of such condensategattering length of the atoms using a Feschbach resonance
from those of an ideal gas but also entirely govern its fatejy a strong magnetic field. These experiments start with a
This is best understood in the mean'ﬂeld _VieW, where th%ear'y pure condensate in approximate equ”ibr(lzmo fill-
relevant elements are the zero-point kinetic energy of th‘?ate with a large condensate numbéy and a positive scat-
atoms, the confining harmonic trap potentiflr) and the tering length. The magnetic field is then changed so that the
interatomic interactions scaling @No||?, wherea is the  scattering length becomes negative. Sihgg>Ng, the con-
s-wave scattering length for the gas. The condensate is thestensate is out of equilibrium and goes through non-trivial
described by the product wave functign= Ny where the  dynamics, burning off a significant fraction of the condensate
Gross-Pitaevski{GP) equation[2] in the process. The scattering length is then made positive

again so that the condensate can be imaged and analyzed.

=0l = These experiments, which are not yet completely under-
m [ g(r.t) stood, indicate a connection between the dynamics and ki-
(1) netics of attractive Bose condensates. In this paper, we

clarify this connection and show theoretically that the col-

governs the single-particle wave functighof the weakly  |apse kinetics are strongly affected by a weak perturbation of
interacting Bose condensate at zero temperature. A condethe harmonic potential within which the condensate is
sate wave function exists as long as the outward pressure ﬂfapped. We have considered general potentisis)
the kinetic energy term balances the squeezing tendency of ;, 3 2 » - ~
the other two terms, so thalk, must be less than a maximum 2MI7 g 0iXi wherer=(xy,xz,X3)=(x,y,2) and the pa-
N, [4]. Beyond this number, the wave function “collapses,” rametersw; characterize the trapping potentla_l along the
tending to the singular limit of a point object. In physical thre;—z axes. For the case presented in detail belof,
condensates, this is halted by dissipation: The collapse rag= @ol 1+ @i cos@t)] wherew is the frequency of the forces
idly increases the density of the condensate and as a res@pd thea; are its amplitudes. This corresponds to a spheri-
the rates for inelastic processes, including two-body dipolafally symmetric trap driven asymmetrically by a weak, sinu-
collisions and three_body recombination’ are Sharply enSO|da”y tlme—dependent f|e|d.. We.haVe .been able to thaln
hanced. The atoms participating in these processes acquif@sults from an exact numerical simulation of the nonlinear
large kinetic energies and are ejected from the condensateéchralinger equation in cylindrical coordinates. The best
This depletion olN, (the “burning off” of atoms decreases physmal insight into t.he. results are pbtamed from a Gaussmn
the nonlinearity thus slowing and finally halting the collapse.time-dependent variational principle approximatidi7]

The initial collapse can be triggered by thermal and quantaiGVA) analysis of the GP equation, however, and we shall
emphasize this in the following. The Gaussian ansatz is mo-

tivated by the shape of the ground state for noninteracting
particles in a harmonic trap and constrains the condensate

_ﬁa . h2V2+V$+4wh2aN0
ih—g(r)=|—5— (N+——
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correspond 10] to a classical effective Hamiltonian. With
the transformation [11] a(t)=p2(t) and bi(t)
=1I;(t)/2p;(t) this Hamiltonian has the transparent form

2 42  me??| #%N, 1
HuarZE |+ i Pi 0

— + :
T |2m gmp? 2 47 P1p2p3

)

The parameterg; andIl; are given by(x%)=p? and(x;p;
+pix;)=2piI1; . Note that(x;)=0=(p;) for this wave func-
tion. The centroid of the condensate thus sits at the trag2
minimum and all the dynamics is restricted to changes in the
condensate widtlp; in the three directions. That is, the dy- ' 2 | ' ' 3
namics of a quasiparticle with canonically conjugate position
and momentum variables; and IlI; characterizes the con-

mber of atoms (in units of N)

o (in units of o)

densate. A further scaling by the length of the trap FIG. 1. Stabilization of an attractive condensate by weak driving
=hl(Mmwy), the time scalew, ®, and energyhw, yields  as measured by the change in the maximum number of atoms par-
the dimensionless Hamiltonian ticipating in the condensate as a function of the driving frequency.
The ratioN,, between the frequency-dependent maximum number
1 n? 1 38 of atomsN,, and the maximum valul for the static condensate is
Hyar=— 2 Lty 4 (1+ a; cog wt))piz - shown. The figure is truncated bif,,~4.8 due to the excessivé (
4 4 2 pi2 4p1p2p3 >100 s) amount of time taken to reach this value. An estimated

3 valueN,pg for Ny, obtained from an angular momentum analysis is
also shown. See text for details.
where B=[4/(3\27)](No|a|/ /). The kinetics of the con-
densate, including the fill rate and dissipative losses, affecﬁ1i
the dynamics through the time dependencdlgf We set the
fill rate G, to a constanf12], which is a good approximation
to the result_s from the Boltzmqnn equatiafi over the tlrye elements V), =52Hvar/t9piﬁpj T =¢92Hvar/f9ﬂif9ﬂj and
scales considered. Further, dipolar relaxation scale$<as nan solving for the root€); of the equation de¥— Q27)
while molecular recombination is a three-body process scal- N N R
ing as¢®. In particular, with the Gaussian approximation for for().ra(air;el \?i(z)l?e:![(i)onnlilflthe ° Pp V\-IhICh Is the frequency '
) ; quasiparticle or the condensate’s
the wave function, we can write “breathing” mode. The other two solutions are the degener-
5 ate solutiong), ;= 2+ Zp;Z, where the vibrational motion
No G NoG3 @ is perpendicular to the radial direction. This can be visual-
312 312 ' ized as being along the surface of a sphere of fixed radius—
™ p1p2p3 | 22 63710205 these are ?he cgndensate’s quadrEpoIar surface modes
[10,14,18. Sincep, decreases as a function Nf, (), de-
creases anfl, s increases with increasing,. Also note that
O4,3=Q0=2 for pg=1, i.e. for =0 (noninteracting
limit) in these natural units.

The normal modes of the quasiparticle dynamics around
s minimum are the lowest-lying even collective excita-
tions of the condensa{d0,14,19. These normal mode fre-
quencies are obtained by computing the matrigeb with

No:Go_

whereG; andG, are the appropriate rate constait8]. The
Hamiltonian equatiori3) and the kinetics equatio@) define
the condensate dynamics completely.

Consider the fixed points of the Hamiltonian given by " \ye now tumn to the numerical solution of this system of
IHyar1911;=0=3H 4,/ dp;, which yield1;=0 and a non-  equations. As expected, these lowest-lying even collective
zerop; corresponding to the width of a metastable condenmodes of the condensate are excited by the driving. Driving
sate. This solutiorpz=|p| is strongly affected by the at- the lowest such mode, a radial breathing mode, further de-
tractive hole at the origin 4=0 or infinite condensate Stabilizes the condensate and decreases the maximum num-

density due to the ternB/(p1p,p3) in the Hamiltonian. The be_r_of atoms belc_)w the stapic .maximuljig. Remarkably,
condensate is only stable when the quasiparticle avoids th&Ving the next-highest excitations, which are quadrupolar
attractive hole. AN, and correspondinglys increase, the surface modes, causes the condensate to become more stable.
metastable minimum moves closer to the origin, becomed N2t IS: for certain frequencies, atoms occupy the condensate
shallower until it becomes an inflection point, and finally I NUMPers significantly greater thaw, and the condensate

vanishes. Correspondinaly. the wi decreases abruntl is sustained for correspondingly longer times. We have stud-
- Lorresp gy, d’h. B PUY ied in particular the frequency-dependent value of the maxi-
when the minimum vanishes, leading to a collapse via th

L " $num number of atomsl,, that can be sustained in the pres-
k|net_|cs. The critical va_Iue;am_and Bm fqr colla_lpse are 0_'?' ence of the driving. We find that this frequency response is
tezrmmed zby further imposing t[‘& inflection BC({nS(/jJt'O” broad and qualitatively robust, with similar features for a
d°H,q /dpi=0. This givespn,=5""" and Bn=35"""  wide range of tested parameters and many alternative con-
corresponding tdNs~1400 atoms for the conditions of the figurations for both the confining and perturbing fields. An
Rice experimenf5]. example of these responses is shown in Fig. 1, along with a
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theoretical estimatdl,,gas explained below. In obtaining it,
we usea3;=0.02= —2a;=—2a,, Which represents the ef- 2.4
fect of a Helmholtz field oriented along the axis of an loffe-
Pritchard magnetic trap. The response is shown as the ratio
Nn=N,/Ng. The broad stabilization effect is clear in this
figure; further, it can be seen that the curve has some inter-
esting structure, including in particular a signature dip corre-
sponding to a parametric resonance between the radial and
guadrupolar modes as explained below. The stabilization ef-
fect is so strong that in some cases it is no longer obvious
whether and when a collapse occurs. It is possibleNipto

grow so large that the loss rate equals the fill rate, even for
relatively largep. The values in Fig. 1 are therefore calcu- (b)
lated using a “worst case” definition of the collapse, as the

Ny value at which the inelastic decay terms in E).exceed

the growth rate5,. Although it is unclear whether the phys-

ics of the true dynamical situation in these cases is fully 2.0
captured by the simple kinetics of E@), the stabilization is

nonetheless remarkable.

pury
(=23
1

p (units of ¢ )

n
»
1

To understand the detailed structure of Fig. 1, consider 1.6
the case of driving the condensate wiik< 4. Note that the — T T
dynamics of the quasiparticle are always restricted to the 1 2 3 4 5
p1=p-, plane by our choice of driving. At an arbitrary value Time (s)

of w, the driving is not initially resonant with either of the

excitations and there is a negligible response from the con- FIG. 2. (a) Time dependence of the radially averaged width of
densate. AN, increases with time, howevef),(8) will the condensatp(t). There are rapid oscillations, as expected, on
ultimately equal any»<(),. The breathing mode is excited the time scale of the driving (308 Hz) that cannot be easily re-
as a result and the quasiparticle oscillates along the radigP!ved on the scale of this figurén) As in (a) except as computed
direction. As this oscillation increases in amplitude, the quaWith & numerical solution of the GP equation with added dissipa-
siparticle is driven into the attractive hole and the condensatBon- See text for details.

collapses. The net effect is to decredgg w), with the im-

pact being greatest fap slightly less than(),. The more particular, the region of discrepancy is precisely where the

interesting case is fap> (), where again, the driving is not naive kinetics and collapse criterion render suspect the value
initially resonant. AN, increases, however, the quadrupolarof N, shown, as argued above.

surface modes come into resonance. The quasiparticle then Thijs resonant driving is easier to sustain for frequencies

oscillates with increasingly greater amplitude in a directioncjose to(), since 2, ; has a weaker dependence g in
perpendicular to the radial direction, still in the,=p,  that regime. AN, increases, the condensate ultimately falls
plane. An angular momentum vectbg(t) = p X II pointing  out of resonance with the driving. Consider for example the

in the q direction can be associated with this motion, wherecondensate radiuls(t):|§(t)|: It is initially unaffected by

q=(1/v2)(1,—1,0) is the normal to the;= p, plane. This the driving and decreases slowly as in the static case; this is
angu'ar momentum vector reverses Orientalﬁmﬁ] during followed by a I’esonantly driven increase that U|t|mate|y satu-
the oscillation, with its magnitude going to zero at the turn-rates. An example of this mechanism is shown in Fi@) 2
ing points of the oscillation. However, the mean-squarefor @=2.3 (corresponding to a driving frequency of
value of this angular momentum increases as the surface308 Hz for the Rice experimentin Fig. 2b) we show a
mode acquires increasing energy. By virtue of the energy irﬁlumerical solution for the GP equation corresponding to the
this oscillation, the quasiparticle avoids the chasm of thesituation in Fig. 2a); the two curves agree qualitatively. We
attractive ‘ho]e’, and the condensate is Stabi”zed, avoiding'TOte here that the numerical solution to the nonlinear Schro
collapse even when the attractive interactions are significanélinger equation in the GP form for cylindrical symmetry is
The above implies that the stabilizing effect may be quantiextremely difficult and a full scan of frequencies is compu-
tatively estimated by adding to the kinetic energy pressuréationally prohibitive. However, simulations including filling
terms an angular momentum tell_ﬁ1(2mp2) wherel? is the and inelastic decay S|m|llar Fo those_ln the literatiBehave
time average ofg(t) This yields an estimated increase in been pe_rformed to qualtitatively validate the_ GVA r(_esults.

q /e _ As w increases, the resonance occurs at increasingly later
the maximum number of atoms &$,,=Np(I #0)/Np(l  times and for decreasing windows of time, and hence the
=0)=(1+41?/3)%* this estimate is plotted in Fig. 1 wilf  greatest stabilization happens forslightly greater thar).
computed directly from the dynamics. It is clear from com-There is no such stabilization fas> w,= \/12=3.46; this
paring the curves that this simple angular momentum argueritical frequency is obtained by substituting the maximum
ment captures the essential features of the stabilization. Imalue for the equilibriunp,, in the expression fof), s—i.e.,
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the driving cannot resonate with the condensate modes if thiheory will therefore help improve our understanding of the
metastable minimum does not exist in the first place. Thigich interplay between kinetics and nonlinear dynamics in
cutoff can be seen clearly in Fig. 1. Finally, we point out thethe attractive condensate. In particular, this provides a way to
significant dip in the curves ab=w,=/8. This frequency study the so far inaccessible collective modes of attractive
corresponds to the situation whesb, (8)=2,(B), i.e., condensates. This will open the way to further experiments
for pg4=3. In this case, the driving and the surface modesand analyses and ultimately to a deeper understanding of this
parametrically excite the radial mode through the 1:2 resononlinear many-body quantum regime. Efforts are under way
nance between the frequencies. Thus, the condensate is der the experimental realization of these phenomena.
stabilized even for a frequency greater th@ry. Similar

resonances account for the other detailed structure in the fre- ) )
quency response curves. All these features should be clearly We gratefully acknowledge Keiko Petrosky and Hilary
visible experimentally, since the experimental resolution istovett for their contributions to this research. A.K.P. ben-
of the order of 50 condensate atofitd, and the predicted efited from useful discussions with Paul Stevenson. Research
features exceed this resolution significantly. Moreover, thedt Rice was supported by the NSF, ONR, the Welch Foun-
details of the curves are sensitive to the precise models arfiation and NASA. A.G. acknowledges partial support from
parameters used. Comparison of experimental results witthe Fundaao de Amparo @esquisa do Estado dedsRaulo.
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