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Ion Gallery

Boulder, USA: Hg+

Aarhus, Denmark: 40Ca+ (red) and 24Mg+ (blue)

Oxford, England: 40Ca+ coherent breathing motion of a 7-ion linear crystal

Innsbruck, Austria: 40Ca+ 



Why using ions?
• Ions in Paul traps were the first sample with which laser cooling was    
demonstrated and quite some Nobel prizes involve laser cooling…

• A single laser cooled ion still represents one of the best understood objects for 
fundamental investigations of the interaction between matter and radiation

• Experiments with single ions spurred the development of similar methods with 
neutral atoms

• Particular advantages of ions are that they are 
- confined to a very small spatial region (δx<λ)
- controlled and measured at will for experimental times of days

• Ideal test ground for fundamental quantum optical experiments

• Further applications for
- precision measurements
- cavity QED
- optical clocks
- quantum computing
- thermodynamics with small systems
- quantum phase transitions



I) Trapping of single ions

Paul trap in 3D
Linear Paul trap

specialized traps: 
segmented linear trap
planar segmented trap

Eigenmodes of a linear ion crystal 
Stability of a linear crystal
Micromotion

Outline of the talks:

Traditional Paul trap

Modern segmented micro Paul trap



II) Laser cooling

Laser-ion interaction
Lamb Dicke parameter
Strong and weak confinement regime

Rate equation model
Cooling rate and cooling limit
Doppler cooling of ions

Dopper recooling measurements
to determine heating rates and
to optimize the transport of ions 

Resolved sideband spectroscopy

Temperature measurement techniques
Sideband  Rabi oscillations
Red / blue sideband ratio
Carrier Rabi oscillations

Resolved sideband cooling
Quadrupole transition 
Optimizing the cooling rate
Raman transition

Heating rate
Coherence of vibrational superposition states

Cooling in multi-level systems
Dark resonances
EIT cooling

Reaching the
ground state of vibration



III) Quantum computing with trapped ions

Quantum computation, basic description and single qubit gates, 
Cirac-Zoller two qubit gate operation, other two qubit gates
long lived Bell states
GHZ- and W-states
Deutsch algorithm
Teleportation with ions

IV) Precision measurements

Absolute frequency measurements, optical comb generator
Hg+ absolute frequency measurement
Modern clocks using quantum processing:

entangled Be+ ions 
Quadrupole shift precision measurement
Al+ absolute frequency measurement 

Ions in space testing General and special relativity

V) Biography

frequency uncertainty
7.2  10-17

Quantum 
algorithms
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• Paul trap in 3D
• Linear Paul trap
• Specialized traps: 

Segmented linear trap
Planar segmented trap



Paul trap
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Binding in three dimensions

Electrical quadrupole potential

Binding force for charge Q

leads to a harmonic binding: 

no static trapping in 3 dimensions

Laplace equation requires

Ion confinement requires a focusing force in 3 dimensions, but

such that at least one of the coefficients is negative, 
e.g. binding in x- and y-direction but anti-binding in z-direction !

trap size:



Dynamical trapping: Paul‘s idea
time depending potential

with

leads to the equation of motion for a particle with charge Q and mass m

takes the standard form of the Mathieu equation
(linear differential equ. with time depending cofficients)

with substitutions

radial and axial trap radius



Regions of stability
time-periodic diff. equation leads to Floquet Ansatz

If the exponent µ is purely real, the motion is bound, 
if µ has some imaginary part x is exponantially growing and the motion is unstable.

The parameters a and q determine if the motion is stable or not. 
Find solution analytically (complicated) or numerically: 
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1D-solution of Mathieu equation single Aluminium dust particle in trap

Two oscillation frequencies
slow frequency: Harmonic secular motion, frequency ω increases with increasing q

fast frequency: Micromotion with frequency Ω
Ion is shaken with the RF drive frequency (disappears at trap center) 

Lissajous figure



3-Dim. Paul trap stability diagram
for a << q << 1 exist approximate solutions

The 3D harmonic motion with frequency wi can 
be interpreted as being caused by 
a pseudo-potential Ψ

leads to a quantized harmonic oscillator 



Real 3-Dim. Paul traps
ideal 3-Dim. Paul trap with equi-potental
surfaces formed by copper electrodes

endcap electrodes at distance

ideal surfaces:

but non-ideal surfaces do trap also well:

rring ~ 1.2mm

A. Mundt, Innsbruck



ideal 3 dim. Paul trap with equi-potental
surfaces formed by copper electrodes

non-ideal surfaces

rring ~ 1.2mm

numerical calculation
of equipotental lines

similar potential
near the center

Real 3-Dim. Paul traps



determine the quadrupole part of the potential:

ideal:

real:

rring ~ 1.2mm

Paul trap: wire ring + endcaps

Paul Straubel trap: ring only

inverted Paul Straubel trap: endcaps only

Paul trap

main advantages:
good optical access
large observation angle

fully harmonic
potential

Loss factor

Real 3-Dim. Paul traps



x

y

2-Dim. Paul mass filter stability diagram
time depending potential

with

dynamical confinement in the x- y-plane

with substitutions

radial trap radius



2-Dim. Paul mass filter stability diagram



axial electrodes

radial electrodes

x

y

A Linear Paul trap

plug the ends of a mass filter by positive electrodes:

mass filter blade design side view

RF

RF 0V

0V Uend Uend

numerically calculate the axial electric potential,
fit parabula into the potential 
and get the axial trap frequency

with k geometry factor

z0



Innsbruck linear ion trap

1.0mm

5mm

MHz5≈radialωMHz27.0 −≈axialω

Blade design

eVdepthtrap ≈F. Schmidt-Kaler, et al., 
Appl. Phys. B 77, 789 (2003).



MACOR frame

compensation
electrodes

Electrodes

Innsbruck linear ion trap

F. Schmidt-Kaler, et al., 
Appl. Phys. B 77, 789 (2003).



Aarhus, Denmark

Linear ion traps in Rood design

trap electrodes are
nearly in ideal geometry

R= 4mm
r0= 3.5mm

harmonic trapping
in a large region, and
even outside the center



Rood design

Boulder, USA

Innsbruck, Austria



Leibfried, Schätz
Physik Journal 3 (2004) 23

Schulz, NJP (2008)

d ~ 250µm

Stick et al., Nature 
Physics 2, 36 (2006)

d ~ 60µm

Seidelin et al., 
PRL 96, 253003 (2006)

d ~ 40µm

Hensinger et al.,
Appl. Phys. Lett., 
034101 (2006)

d ~ 200µm

Segmented micro traps overview

Labaziewicz et al,
PRL 100, 013001 (2008)

Kielpinski et al, 
Nature 417, 709 (2002)



RF

DC

RF

DC

• Micro structuring - high number and density of ions
- high trap frequency and gate speed

• Segmentation - Processor and memory section
- Transport of Ion crystals
- Separation of ions
- Cavity QED region

9 electrodes
3 electrodes

19 electrodes

500µm

250µm250µm
100µm

Loading zone Transfer zone Experiment zone

31 DC-electrode pairs
62 electrodes

individ. addressable

Schulz et al., Fortschr. Phys. 54, 648 (2006)

Ulm segmented micro trap



ceramics, 
fs-Laser stuctured,
Gold-coated

base

spacer

top

Ulm segmented micro trap: Fabrication

Schulz et al., 
New Journal of Physics 2008



Loading zone / Transfer zone Experiment zoneSandwich construction

• Ti/Au on Al2O3-Wafer
(10nm/400nm)

• fs-Laser cut in Au/Ti and Al2O3

• adjusting and
• gluing

into Chip Carrier

• bonding

Ulm segmented micro trap: Fabrication

Schulz et al., 
New Journal of Physics 2008



… assembled and connected
in the UHV recipient

Schulz et al., 
New Journal of Physics 2008



cold single

5 ions

3 ions

Single Ion and cold Ion Crystal

Schulz et al., 
New Journal of Physics 2008



Planar micro traps

RF

DC

DC

RF

DC

RF DCDC RF

DC RFRF DC DC

Trapping potential

Pros: 
Easy fabrication
High precision
Small sizes possible (few µm)
high surface quality

Cons:
shallow trap potential



Planar micro traps S. Seidelin, et. al., 
PRL 96 253003, (2006).

J. Labaziewicz, et. al., 
PRL 100, 013001 (2008).



Ulm PCB planar traps:
• Transport tested
• Crossings tested

J. Siegler, Diplom
Schulz et al., DPG 2008Planar micro traps



I) Trapping of single ions

Paul trap in 3D
Linear Paul trap

specialized traps: 
segmented linear trap
planar segmented trap

Eigenmodes of a linear ion crystal 
Stability of a linear crystal

Micromotion
Measurement and compensation



Equilibrium positions in the axial potential
z-axis

mutual ion repulsiontrap potential

find equilibrium positions x0: ions oscillate with q(t) arround

condition for equilibrium:

dimensionless positions with length scale

D. James, Appl. Phys. 
B 66, 181 (1998)



a=Table@8a1,a2,a3,a4,a5,a6,a7,a8,a9,a10<D;
equ5=Table@a@@mDD

−Sum@1êHa@@mDD−a@@nDDL 2̂,8n,1, m−1<D
+Sum@1êHa@@mDD−a@@nDDL 2̂,8n,m+1,5<D,8m,1,5<D

aa5=Timing@FindRoot@equ5,8a1,−10<,8a2,−1<,8a3,0.1<,8a4,1<,8a5,10<DD
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+
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Out[80]= 80.02Second,8a1→ −1.7429, a2→ −0.822101,a3→ 2.4453×10−14,a4→ 0.822101, a5→ 1.7429<<

Equilibrium positions in the axial potential

numerical solution (Mathematica),
e.g. N=5 ions

equilibrium positions

set of N equations for um

-1.74 -0.82 0                  +0.82             +1.74

force of the
trap potential

Coulomb force 
of all ions from left side Coulomb force 

of all ions from left side
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Experiment: equilibrium positions
equilibrium positions
are not equally spaced

H. C. Nägerl et al., 
Appl. Phys. B 66, 603 (1998)

theory

experiment

minimum inter-ion distance:



Eigenmodes and Eigenfrequencies
Lagrangian of the axial ion motion:

m,n=1m=1

N N

describes small excursions
arround equilibrium positions

with

and

N

m,n=1m=1

N N
D. James, Appl. Phys. 
B 66, 181 (1998)

linearized Coulomb interaction leads to Eigenmodes, but the
next term in Tailor expansion leads to mode coupling, which is
however very small.

C. Marquet, et al.,
Appl. Phys. B 76, 199 
(2003)



Eigenmodes and Eigenfrequencies
A4= Table@

If@m != n,
−2êAbs@u4@@mDD −u4@@nDDD^3,
1.+2Sum@If@i ≠ m, 1.êAbs@Hu4@@mDD−u4@@iDDL^3D, 0D, 8i, 1, 4<D D,

8m, 1, 4<, 8n, 1, 4<D;
TableForm@A4D
TableForm@Eigenvectors@A4DD
freq4= Sqrt@Eigenvalues@A4DD H∗ Modenfrequenzen ∗L

Out[36]//TableForm=
3.48927 −2.1093 −0.295686 −0.0842851
−2.1093 6.0699 −2.66491 −0.295686
−0.295686 −2.66491 6.0699 −2.1093
−0.0842851 −0.295686 −2.1093 3.48927

Out[37]//TableForm=
−0.213213 0.674196 −0.674196 0.213213
0.5 −0.5 −0.5 0.5
−0.674196 −0.213213 0.213213 0.674196
0.5 0.5 0.5 0.5

Out[38]= 83.05096, 2.41039, 1.73205, 1.<

Matrix, to diagonize

numerical solution (Mathematica),
e.g. N=4 ions

Eigenvectors

Eigenvalues

for the radial modes: 
Market et al., Appl. Phys. 
B76, (2003) 199depends on N

pictorial

does not



Common mode excitation: Experiment

H. C. Nägerl, Optics
Express / Vol. 3, No. 2 / 
89 (1998).
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Center of 
mass mode

breathing
mode

Common mode excitations

H. C. Nägerl, Optics
Express / Vol. 3, No. 2 / 
89 (1998).



Breathing mode excitation

H. C. Nägerl, Optics
Express / Vol. 3, No. 2 / 
89 (1998).



linear crystal            zig zag crystal

with higher N of ions the linear configuration
becomes unstable and ions arrange in 3d 

Ca+ crystal with about 70 ions
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micromotionMicro-motion

Problems due to micro-motion:

a) relativistic Doppler shift in
frequency measurements

b) less scattered photons
due to broader resonance line

c) imperfect Doppler cooling
due to line broadening

d) AC Stark shift of the clock transition
due to trap drive field Ω

f) for larger # of ions: mutual coupling
of ions can lead to coupling of secular
frequency ω and drive frequency Ω. 
Heating of the ion motion



Micro-motion
frequency Ω :  Micro-motion

Ion is shaken with the RF 
drive frequency
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alters the optical spectrum of the trapped ion
due to Doppler shift, Bessel functions Jn(b) appear.
Electric field seen by the ion:

a) broadening of the ion‘s resonance b) appearing of micro-motion sidebands
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Wide line
limit

Narrow line
limit



Compensate micro-motion

how to detect micro-motion:

a) detect the Doppler shift
and Doppler broadening

Fluorescence modulation technique:

apply voltages here
and shift the ion into the symetry center

of the linear quadrupole

J. Appl. Phys. 83, 5025
frequency

ion oscillation leads a
modulation in # of scattered
photons. Synchron detection
via a START (photon) 
STOP (WRF trigger) measurement

b) detect micro-motional sidebands

Sideband spectroscopy
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Resolved sideband cooling
Quadrupole transition 
Optimizing the cooling rate
Raman transition

Heating rate
Coherence of vibrational superposition states

Cooling in multi-level systems
Dark resonances
EIT cooling

II) Laser cooling

Laser-ion interaction
Lamb Dicke parameter
Strong and weak confinement regime

Rate equation model
Cooling rate and cooling limit
Doppler cooling of ions

Dopper recooling measurements
to determine heating rates and
to optimize the transport of ions 

Resolved sideband spectroscopy

Temperature measurement techniques
Sideband  Rabi oscillations
Red / blue sideband ratio
Carrier Rabi oscillations



Basics: Harmonic oscillator
Why? The trap confinement is leads to three
independend harmonic oscillators ! 

here only for the linear direction
of the linear trap no micro-motion

treat the oscillator quantum mechanically and 
introduce a+ and a

and get Hamiltonian

Eigenstates |n> with: 



Harmonic oscillator wavefunctions

Eigen functions

with orthonormal Hermite polynoms
and energies:  



Two – level atom
Why? Is an idealization which is a good approximation to real 
physical system in many cases

two level system is connected
with spin ½ algebra using the
Pauli matrices

D. Leibfried, C. Monroe, 
R. Blatt, D. Wineland, 
Rev. Mod. Phys. 75, 281 (2003)



Two – level atom
Why? Is an idealization which is a good approximation to real 
pyhsical system in many cases

...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

together with the harmonic oscillator leading to the ladder of 
eigenstates |g,n>, |e,n>:

levels not coupled



Laser coupling
dipole interaction, Laser radiation with frequency ωl, and intensity |E|2

Rabi frequency:

the laser interaction (running laser wave) has a spatial dependence:  

Laser

with

momentum kick, recoil:  



Laser coupling
in the rotating wave approximation

using

and defining the Lamb
Dicke parameter η:

Raman transition: projection of ∆k=k1-k2
x-axis

k 1

if the laser direction is at an angle φ to the vibration mode direction:

x-axis

k La
se

r

single photon transition

k
2



Interaction picture

In the interaction picture defined by

we obtain for the Hamiltonian

with

coupling states with vibration quantum numbers

laser detuning ∆



2-level-atom harmonic trap

Laser coupling
dressed system

„molecular
Franck Condon“
picture

...
...

dressed system

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

„energy
ladder“
picture



Lamb Dicke Regime

carrier:

red sideband:

blue sideband:
laser is tuned to 
the resonances:



kicked wave function is non-orthogonal to the other
wave functions

Wavefunctions in momentum space

kick by the laser:



0,g

0,e
1,e

1,g

carrier and sideband
Rabi oscillations

with Rabi frequencies

carrier

sideband

Experimental example

and



Outside Lamb Dicke Regime
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gn ,1−

en ,1−
en,

gn ,1+
gn,

1,n e+

strong confinement – well resolved sidebands:
Selective excitation of a single sideband only,
e.g. here the red SB

„Strong confinement“



weak confinement: 
Sidebands are not resolved on that transition.
Simultaneous excitation of several vibrational states

„Weak confinement“

gn ,1−

en ,1−
en,

gn,

1,n e+

gn ,1+



incoherent: Ω < γ

spont. decay rate γ

Rabi frequency Ω

Ω/2π = 5MHz

Ω/2π = 10MHz

Ω/2π = 100MHz

Ω/2π = 50MHz

coherent: Ω > γ

γ/2π = 15MHz
Two-level system
dynamics

Steady state population of |e>: 

Solution of 
optical Bloch equations



Rate equations of absorption
excitation probabilities in pertubative regime:
incoherent excitation if

photon scatter rate: 

...

gn,

detuning ∆

absorption

spont. decay rate: 



Rate equations of absorption and emission
excitation probabilities in pertubative regime:
incoherent excitation if

en,

emission

take all physical processes that change n, in lowest order of η

...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

cooling:

...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

heating:

S. Stenholm, Rev. Mod. Phys. 58, 699 (1986)

photon scatter rate: 
spont. decay rate: 



...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

Rate equations for cooling and heating
cooling:

...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

heating:

S. Stenholm, Rev. Mod. Phys. 58, 699 (1986)

probability for population in |g,n>: loss and gain from states with |±n>

loss

gain

cooling heating



Rate equation

different illustration:

n+1

n A-

A- A+

A+

...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

cooling:

...
...

gn ,1−

en ,1−
en,

en ,1+

gn ,1+
gn,

heating:

How to reach red detuning

cooling
heating

steady state phonon number cooling rate



***

n=1

hurra !

n+1

n A-

A- A+

A+



weak confinement: 
Sidebands are not resolved on that transition.
Small differences in  

„Weak confinement“

detuning for optimum cooling

gn ,1−

en ,1−
en,

gn,

1,n e+

gn ,1+



weak confinement: 
Sidebands are not resolved on that transition.
Small differences in  

„Weak confinement“

detuning for optimum cooling

Lorentzian has the
steepest slope at

Laser

complications:
ηlaser < ηspontaneous
saturation effects
optical pumping



Fast shuttle of ions is important

-to bring the ions in an optical cavity zone

-to allow scalable quantum computing

Segmented PCB trap

2mm

Control voltages: U1,U2,U3,…,Un

loading

Transport of Ions 
and Doppler recooling

Huber et al., New J. Phys. 
10 013004 (2008)



Non-adiabatic, fast transport



Doppler recooling after fast transport

Huber et al., New J. Phys
10, 013004 (2008)

See also: J.H. Wesenberg, et. al., 
arXiv:quant-ph/0707.1314, (2007).



„Strong confinement“

Laser

strong confinement – well resolved sidebands:
detuning for optimum cooling



gn ,1−

en ,1−
en,

gn ,1+
gn,

1,n e+

strong confinement – well resolved sidebands:
detuning for optimum cooling

γ

„Strong confinement“



Cooling limit

g,0

e,0
e,1

g,1



Limit of SB cooling

g,0

e,0
e,1

g,1

off resonant
carrier excitation:

subsequent blue SB decay:
with an „effective“ γ
and the η of spont. emission

leads to heating:

off resonant blue SB excitation
leads to heating:

with:

typical experimental
parameters:

x



II) Laser cooling

Laser-ion interaction
Lamb Dicke parameter
Strong and weak confinement regime

Rate equation model
Cooling rate and cooling limit
Doppler cooling of ions

Resolved sideband spectroscopy

Temperature measurement techniques
Sideband  Rabi oscillations
Red / blue sideband ratio
Carrier Rabi oscillations

Resolved sideband cooling
Quadrupole transition 
Optimizing the cooling rate
Raman transition

Heating rate
Coherence of vibrational superposition states

Cooling in multi-level systems
Dark resonances
EIT cooling
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